In recent work, the resistor-network formulation of forced convection problems and a technique, dQdT, for evaluating the paired convective resistances that characterize the network were presented. This technique entails solutions of the energy equation with perturbed boundary conditions. The resistor-network approach is particularly advantageous for multi-temperature convection problems in that it reveals the split of heat transfer between the different sources. In the present paper, the dQdT technique is extended to free 
I. Introduction
n many convection problems, heat transfer occurs between two or more isothermal heat sources/sinks.
Convective heat transfer in heated passages is a common example. The formulation of this class, multitemperature convection problems, in terms of a network of convective resistors has several advantages. In recent I work [1, 2] the formulation of constant-property multi-temperature forced convection problems in terms of a resistor network was presented. It was shown that the resistor-network approach leads to a simple presentation of the results, eliminates non-physical singularities encountered in the traditional formulation, and, most notably, reveals information not available in the traditional formulation, i.e. the split of heat transfer between different sources. The resistor-network approach has been shown to be computationally advantageous in time-step building energy simulations in that it provides detailed heat transfer results at very low computational cost [3, 4] .
It was further shown [2] that in general it is not possible to find the paired resistances that characterize the resistor network of a multi-temperature convection problem based only on a single analytical or numerical solution, or measurement. Consider, for example, the delta network shown in Figure 1 . This network can be used to represent convection in an asymmetrically heated channel where the channel walls are at temperatures T 1 and T 2 , and the fluid flow enters the channel at temperature T 0 .
Figure 1: The delta resistor network of a three-temperature convection problem
The set of heat transfer rates, {Q i }, can be obtained for any given set of boundary temperatures, {T i }. But heat transfer at a node, say Q 1 , is split between the two legs of the network connected to that node. See Equation 1 and 
Following the standard electrical analogy for heat transfer, the two "paired" heat transfer component on RHS of Equation 1 can be written in terms of the corresponding driving temperature difference and a paired resistance, R ij .
See Equation 2. The term "paired" emphasizes the idea that Q ij and R ij corresponds to a specific pair of nodes, T i and
Equation 2 gives the definition of R ij . Three paired convective resistances, {R ij }, characterize the delta network of [2] . The application of dQdT to turbulent flow is also demonstrated for a forced convection example [2] . In the present work, the resistor-network formulation and the dQdT technique are extended to include variable-property and free-convection cases. 
II. The dQdT Technique Extended
In general, there may be a two-way coupling between velocity and temperature due to temperature-dependent fluid properties or buoyancy. The accuracy of Equation 5 might hence be undermined.
As an example, consider the classical problem of laminar free convection along an isothermal vertical flat plate. This is a two-temperature problem involving two isothermal sources: the flat plate at T 1 and the far-field ambient at T 0 .
The corresponding resistor network entails a single convective resistance, R 10 , connecting two temperature nodes, T 1 and T 0 .
The boundary-layer solution by Ostrach [5] gives the average Nusselt number based on the plate height (H) in the laminar regime ( Ra≤10 9 ) as shown in Equation 6 . In this equation, Φ is a function of the Prandtl number, Pr, only. ( )
By definition (Equation 2), the paired resistance R 10 will be:
So for a given fluid, combining Equations 6 to 8, the unit-depth convective resistance, R 10 , will be given by Equation 9 , where ΔT=T 1 -T 0 and a is a constant.
To find R 10 using Equation 5, on the other hand, Equation 7 must be differentiated:
Comparing Equations 9 and 10, it can be seen that dQdT gives R 10 with a bias error of 20%. In general, the relation between {Q i } and {T i } is not known in advance. Hence, the bias introduced by applying Equation 2 cannot be estimated and corrected. 
It can be seen that the first term on RHS of Equation 11 gives R 10 , the desired value, while the second term produces the 20% bias. To eliminate the error, the second term must be eliminated. This can be achieved by "treating R 10 
Returning to the more general multi-temperature case, the energy balance at node T i requires:
So the change in Q i in response to a change in T j can be written as shown in Equation 15.
To obtain R ij , Q i must be linearized with respect to {T i }, i.e. all R ik must be "held constant." In this case, the summation on RHS of Equation 15 will be zero and R ij will be given by Equation 16.
In constant-property forced convection problems, the R ik =const constraint is automatically satisfied due to the oneway coupling between the velocity and temperature fields. For the few free convection problems for which an analytical relation between {Q i } and {T i } is at hand, "treating R ij as constants" can be done by linearizing the expressions for {Q i } and performing the partial differentiation with respective to {T i }. In most cases, however, an analytical solution is not available, but a numerical solution can be obtained. In this situation, R ik can be held constant numerically using the lemma described in the following section.
III. Holding R ik Constant: "The Fix"
A convective resistance is known to be a function of geometry, the velocity field and fluid properties. Hence, in a given geometry, the temperature field can influence convective resistances through buoyancy or temperaturedependent fluid properties. In other words, nonlinearities in the energy equation are due to either buoyancy or temperature-dependent properties. Therefore, if the velocity field and fluid properties are "fixed," i.e., held unchanged, perturbing a temperature will not alter {R ik }. The commercial CFD code ANSYS FLUENT 14.0 [6, 7] was used to obtain second-order finite-volume solutions to the mass, momentum and energy equations. The PRESTO! algorithm for discretizing pressure, SIMPLE scheme for handling the pressure-velocity coupling and the Boussinesq approximation for density were used. The corresponding resistor network and a schematic of the computational domain are shown in Figure 2 A Richardson-extrapolation-based technique [9] was used to assess grid dependence of the solutions. Using three non-uniform rectangular grids with 4400, 27600 and 110000 control volumes, and based on the rate of total heat transfer to the fluid, Q 0 , a grid convergence index of 3% was calculated. The apparent order of the solution was found to be 2.
Note that as long as the channel is tall enough (H/w≳10), axial diffusion can be neglected and it can be shown that heat transfer from the channel walls is not a function of the channel aspect ratio. The present numerical results are produced for an aspect ratio of H/w=50. To validate the baseline numerical solutions, results were compared to the experimental data of Aung et al. [10] . In which is within 8% of the measured value of 4.27, reported in reference [10] .
In the previous section, the validity of Equation 16 was demonstrated for a benchmark two-temperature case. The special case of symmetric heating, r T =1, can be used to verify dQdT for this three-temperature problem. When the channel walls are at the same temperature, the velocity field (as well as the fluid properties) are symmetric with respect to the channel centreline (x=0). In this case, similar to the forced convection problem studied in [1] , the two wall-to-fluid convective resistances are equal, reducing the number of the unknowns to two. The wall-to-fluid resistance, R 10 =R 20 , can then be calculated from the nodal energy balance at either T 1 or T 2 [1] :
In Table 1 numerical results are presented for a sample symmetric case (rT=1) with Ra=24 and Pr=0.7, in terms of dimensionless temperature, θ, and average Nusselt number (dimensionless heat transfer rate), Nu : Note that since T 1 -T 2 =0, 12 Nu cannot be found from nodal energy balances, but it can be obtained using dQdT. 
VI. Conclusion
The formulation of multi-temperature convection problems in terms of network of convective resistors has been shown to be advantageous. The dQdT technique, which entails solutions of the energy equation with perturbed boundary conditions, gives the paired resistances that characterize such a network. In the present paper, the dQdT technique was extended to the general problem of multi-temperature convection, particularly free convection. In general the flow-field may depend on the temperature field through temperature-dependent properties or buoyancy. Accordingly, the perturbation procedure, which is the basis of the dQdT technique, needs to be modified. It was demonstrated that the key to implementing dQdT in this case is solving the energy equation with a perturbed boundary condition while retaining the velocity field and fluid properties of the baseline solution.
The boundary-layer solution to the classical problem of free convection at an isothermal vertical flat plate was used to verify the extended dQdT technique. dQdT was also applied to find the paired resistances of a three-temperature problem: laminar free convection in an asymmetrically heated vertical channel. Results were verified against energy-balance results for the special case of symmetric heating. The dQdT technique was then applied to generate sample results for asymmetric cases. The validity of the results was further demonstrated by examining known limits. The application of dQdT to turbulent forced convection problem has been presented in previous work.
Turbulent free convection will be the subject of future work.
This work is part of an ongoing project on the modeling and characterization of multi-temperature convection problems in terms of resistor networks. The motivation behind this project is modeling heat transfer at windows with shading attachments for building energy simulation applications. With the resistor-network formulation and the dQdT technique extended to free convection, future work will present the applications of this approach, particularly to free convection in asymmetrically heated channels under different temperature arrangements and flow regimes.
